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a b s t r a c t
A lattice Boltzmann simulation of blood flow using the Carreau–Yasuda model to calculate
the non-Newtonian viscosity is described in this paper. The Carreau–Yasuda model is
implemented in the lattice Boltzmann software by adjusting the shear-dependent viscosity
over the relaxation parameter, which is locally computed each time-step by applying
the Newton iteration within the flow solver. A scheme to compare the non-Newtonian
and Newtonian flow effects is proposed. Finally, a comparison has been made between
non-Newtonian and Newtonian flow in a 3D generic stenosis.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Arterial diseases are notorious for causing heart attack or stroke,which are themost common cause of death anddisability
in western countries [1]. Atherosclerosis, hardening or furring of the arteries, have mainly twomanifestations: the multiple
plaques within the arteries, although often compensated by artery enlargement, eventually lead to occlusive diseases, such
as plaque ruptures and stenosis of the artery, which can result in insufficient blood supply to the tissues downstream;
alternatively, if the compensating artery enlargement process is excessive, then aneurysms will form. The local blood flow
patterns play one of the decisive roles in the formation of atherosclerosis, therefore the computational fluid dynamics (CFD)
techniques are widely applied in the medical research to aid the diagnosis and treatment of these diseases.
A correct description of blood rheology is the key to assess derived parameters such aswall shear stress (WSS) accurately,
which is one of the known platelet activating mechanisms that leads to thrombosis or assumed to further influence the
pathological development of aneurysm [2]. Non-Newtonian effects of blood in different blood vessel geometries can be
found in the literature, such as carotid bifurcation [2] and Circle of Willis [3]. Since these studies depend on certain specific
geometries and flow regimes, the conclusion on the importance of non-Newtonian rheology cannot be drawn without
referring to certain models. Generally, the non-Newtonian rheology becomes more pronounced when the shear rate is low
and the geometry is small, complex and tortuous [3].
Shear thinning has been demonstrated to be the dominant non-Newtonian property in blood flow simulations compared
to the viscoelasticity factor [2]. Normally, the Casson’s model, the power law model and the Carreau–Yasuda (C–Y) model
are used to simulate shear thinning blood flow [4]. However, Casson’s model is only valid over a small range of the shear
rate and the determination of yield stress in the equation is questionable; the disadvantages of the power law model are
its limited range of accuracy in terms of shear rate and difficulties to predict the infinite viscosity [5]. The C–Y model can
overcome these shortcomings and is therefore adopted in this paper.
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2. Method and simulations
2.1. Carreau–Yasuda Model
The model is written as
µ− µ∞
µ0 − µ∞ =
(
1+ (λγ˙ )a)(n−1)/a , (1)
where µ0 and µ∞ are the dynamic viscosities at zero and infinite shear rate respectively, γ˙ is the shear rate and λ is a
characteristic viscoelastic time of the fluid. At the critical shear rate 1/λ the viscosity begins to decrease. The power law
index parameters a and n can be determined from experimental data. In our simulations we apply the following set of
parameters for blood analog fluid [2]: µ0 = 0.022 Pa s, µ∞ = 0.0022 Pa s, a = 0.644, n = 0.392, λ = 0.110 s.
2.2. Lattice Boltzmann method
The lattice Boltzmann (LB) method has been demonstrated to be an effective haemodynamic numerical solver [6].
Furthermore, the capabilities of the LB method to capture the shear thinning behaviour of a fluid have been investigated
recently [7]. The direct, local computation of the shear rate from the non-equilibrium part of the distribution function adds
great flexibility to the LB method in modeling non-Newtonian fluids. The focus of the LB simulation is to locally adapt the
relaxation time τ according to the change of viscosity. Due to the dependency of both viscosity and shear rate γ˙ on the
relaxation time, the C–Y equation results in a non-linear equation for the relaxation time:
τ = τ∞ + (τ0 − τ∞)
[
1+ (λγ˙ (τ ))a](n−1)/a , (2)
where τ∞ and τ0 correspond to µ∞ and µ0 respectively. Here γ˙ is the second invariant of the strain rate tensor S, which is
calculated in the LB framework by the relation
S = − 1
2τ c2s
5(1), (3)
where cs is the lattice speed of sound, and by expanding the particle distribution function fi about its equilibriumdistribution
f 0i
fi = f 0i + f (1)i + 2f (2)i + · · · , (4)
where  is of the order of the Knudsen number and the momentum flux tensor is acquired by
5(1) =
∑
i
eieif
(1)
i , (5)
where
f (1)i ≈ f (neq)i ≡ fi − f 0i . (6)
An analytical solution is absent in this case. Therefore, for accuracy a Newton iteration method is embedded into the LB
scheme to acquire the local relaxation time. The local relaxation time is updated at each time step after propagation and
before collision. The 3D nineteen-speed (D3Q19) lattice Boltzmann model with single time Bhatnagar–Gross–Krook (BGK)
relaxation operator as proposed by Qian [8] is used for the flow simulations. A half-way bounce back condition is applied
at the wall. The velocity and pressure boundary conditions are given at inlet and outlet respectively. The initial condition
assumes that flow is at rest. The simulation was achieved on the NEC SX8 vector computer with 13.54 million lattice site
updates (fluid nodes) per CPU second.
2.3. Implementation
The simulations are based on an efficient sparse matrix implementation [9]. It is demonstrated that this method has
significant advantages for the geometries with low ratio of fluid fraction to solid fraction as far as memory consumption and
performance are concerned, particularly for the geometries of porous media and medical applications [10].
2.4. Mesh generation
The 3D geometries have been generated via a shape modelling approach based on a physical field analogy with cubic
splines as modelling primitives [11]. The produced pseudo-distance fields can be converted easily into voxel meshes for LB
as well as smooth surface representations.
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Fig. 1. The numerical solution of Eq. (7) (solved by finite difference method in MATLAB [15]) shows the viscosity distribution across the channel varies
with the body force (non-dimensional F ).
(a) Stenosis occlusion percentage = 30%. (b) Stenosis occlusion percentage= 70%.
Fig. 2. The generic stenosis geometry.
3. A way to compare non-Newtonian and Newtonian simulations
A question arises when the comparison between non-Newtonian and Newtonian simulations is addressed, i.e. the
analogue viscosity for the corresponding Newtonian fluid is unknown. In the up-to-date literature, the viscosity µ∞ in
Eq. (1) is frequently used as the viscosity for Newtonian simulations. However, the validity has never been proved. After
examining a 2D plane non-Newtonian Poiseuille flow, defined by
µ(γ˙ )∇2ux = −F , (7)
and
µ = µ∞ + (µ0 − µ∞)
[
1+ (λγ˙ )a]b , (8)
where µ0 = 4.0, µ∞ = 2.0, a = 2, b = −1, λ = 2 and γ˙ = 12
∣∣∂yux∣∣ (the parameters are adopted here just for generosity
and simplicity), it is found that µ∞ used as Newtonian viscosity is only valid for high Reynolds (Re) numbers when the
viscosity distribution across the channel is approaching the constant value µ∞ (see Fig. 1 for case F = 200.0). Therefore, a
condition is proposed to acquire the analogue Newtonian viscosity µana or νana, when both have the same integral pressure
loss along the channel under the same in/outlet conditions. The Reynolds number (Re) in this paper is therefore defined
as Re = DUin/νana, where D and U are the diameter of parent tube and inlet average velocity, respectively. For the case of
2D plane non-Newtonian Poiseuille flow, it is found that the analogue Newtonian viscosity nonlinearly decreases when Re
number increases. It is interesting to note that in the experimental studies of non-Newtonian fluid, the difficulties have also
been encountered to define the proper viscosity for the Re number [12]. A generalized Re number was proposed for a power
law model [13]. Another approach is to use the viscosity at the wall as a non-Newtonian characteristic viscosity [14].
4. Results and discussions
Different shapes of stenosis can be produced by the mesh generator mentioned in 2.4 for studying the geometry impact
on flow pattern change. The research results have already shown that the flow features are very sensitive to the stenosed
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Fig. 3. Simulation geometry: mesh resolution Lx*Ly*Lz = 800*49*49, stenosis occlusion is 70%. The outlet is extended long enough to guarantee the flow
recirculation not affected by the downstream. Note: due to the voxel mesh conversion from surface mesh, the geometry is not perfect axisymmetric.
(a) Non-Newtonian case.
(b) Newtonian case.
Fig. 4. Comparison of flow pattern between the Newtonian and Non-Newtonian flow: Re = 37, block velocity profile U = 0.01 is applied at the inlet.
Note: the plot shows the zoomed recirculation region for clear comparison.
severity [16]. Fig. 2 shows the generic stenosis geometries with different occlusion percentage. For the stenosis with 70%
blockage shown in Fig. 3, the comparison of flow pattern between the Newtoninan and non-Newtonian flow are shown
in Fig. 4.
The analogue viscosity for Newtonian flow was determined based on the method described in Section 3, and the
corresponding relaxation time τ = 0.523, while in non-Newtonian flow, τ0 = 0.65 and τ∞ = 0.515.
Fig. 4 shows that the Newtonian flow has a longer recirculation length than the non-Newtonian one. This observation can
be explained by the fact that the low shear rateswithin the recirculation region lead to high viscosities,which are responsible
for the reduction of votex length. The similar conclusions have been drawn for a laminar flow of shear-thinning power-law
fluids across a sudden axisymmetric expansion [13]. Therefore the different flow pattern shown in Fig. 4 demonstrated the
necessity of considering more accurate blood rheology modelling.
In Fig. 5 the shear stress and viscosity distribution through the center of the stenosis was compared. In this case, the
WSSwould be overestimatedwithout taking the non-Newtonian rheology into consideration, although the difference is not
so obvious. The viscosity for the non-Newtonian flow displays the shear thinning feature close to the wall. Furthermore,
when the non-Newtonian viscosity is lower than the analogue Newtonian viscosity, it is observed that the shear stress
of the former is lower than the latter one. According to our research on blood flow in aneurysms [17], it is interesting to
note that the comparison between non-Newtonian and Newtonian flow can not be generalized, because it depends on the
geometry and Reynolds number. Therefore the purpose of this simulation is to demonstrate the difference with andwithout
considering non-Newtonian rheology.
5. Conclusion
The Carreau–Yasuda model is adopted for the description of shear thinning blood and a non-linear Newton iteration
method for solving the shear dependent viscosity is employed. The blood flow in a 3D generic stenosis is investigated. The
different flow patterns between non-Newtonian and Newtonian cases have demonstrated the necessity of describing the
blood rheology in a more accurate way.
The comparison of LB blood flow simulations with Navier–Stokes based numerical methods is ongoing work.
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(a) Shear stress comparison. (b) Viscosity comparison.
Fig. 5. Comparison of non-dimensional shear stress and viscosity between the Newtonian and Non-Newtonian flow through the center of stenosis along
Y axis at X = 400 in plane XY shown in Fig. 3.
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